Free Scheduling of General Nested Loops

For Distributed Memory Architectures

The M odel of the Algorithms

Although our method is applicable to anymultidimensional loop with arbitraryloop-carried dependencies, for simplicityof presentation, we will use a simplest model.

Our computational model, without lack of generality, is loops that exhibit regular computation patterns and particularlynested FOR-loop algorithms with

uniform data

dependencies. T hat is, our algorithms are of the form

shown in fig. 1:

FOR I 1 =l 1 TO u 1 DO

...

FOR I n =l n TO u n DO

AS 1 (I)

...

AS k (I)

ENDFOR

....

ENDFOR

F ig. 1: T he Algorithmic model

where: (1) l

i and u

i are integer-valued constants, (2) I =(I

1

,

..., I

n

) and (3) AS

1

, ..., AS

k are assignment statements of the

formV

0

=E(V

1

, ..., V

l

), where V

0 is an output variable

indexed by I and produced byexpression E operating on

input variables V

1

, ..., V

l

, also indexed by I .

B. Notation

T hroughout this paper the following notation is used: N is

the set of naturals, Z is the set of integers, n is the number

of nested FOR-loops of the algorithmand mis the number

of dependence vectors of the algorithm. J n

Ì Z n is the set of

indices: J n = {(I

1

, ..., I

n

) |I

i

£ I i

£ u i

, 1 £ i £ n}. Each point in this n-dimensional integer space is a distinct instantiation of the loop body. Notice that the points of J n are ordered lexicographically ; the usual symbol < is used to denote this (linear) ordering. We shall discuss further the significance of this ordering in Section III. A dependence vector is denoted d i

=(d i1

, ..., d in

), 1 £ i £ m. T he following two things should be emphasised: (1) Bydefinition, dependence vectors are always > than 0 , where 0 =(0, ..., 0) and > is the lexicographic ordering and (2) In our model all dependence vectors are uniform , i.e. their elements are constants and not functions defined over index sets. T he dependence set

D of an algorithmA is the set of all dependence vectors of this algorithm: D={ d

1

, d

2

, ..., d m

}.

C. The Directed Acyclic Graph M odel for the Index

Space

Since the proposed algorithmic model defines J n as the vector space of computations, and the various dependence vectors join different indexed points, we can transformJ n to a DAG. In [7] we have presented a 1-1 function which corresponds points of J n to vertices of a V set. Since there exists 1-1 correspondence between anyj Î J n and v i

Î V, we will consider for simplicityof presentation V

º J n , so the

G(V, E) is defined as:

V = { j (j

1

, ..., j

n

) | j

i

Î Z Ù l

i

£ j

i

£ u

i

, 1 £ i £ n}, E={( j

1

, j

2

) |

$ d Î D, j

1

+ d = j

2

}

In the next sections we will interchangeablyuse V and J n .

III. S

TRUCTURAL P ROPERTIES OF THE I NDEX

S PACE

In this section we shall present the partial ordering introduced bythe dependence vectors. Dependencies impose precedence constraints, and partition the index space into sets, chains and antichains through the establishment of a partial ordering among computations.

Definition 3.1: Given an algorithmA( J n ,D) we define the following two sets:

·

the basis B of J n , B = { j Î J n |

" d Î D , j - d

Ï J n }

· the top T of J n , T = { j Î J n | " d Î D , j + d Ï J n }

³ 1, otherwise no computation would ever be performed bythe algorithm. In addition to this T

¹

Æ , otherwise the algorithmwould never terminate.

We nowproceed to define the following sequences of sets and binaryrelations over J n :

Definition 3.2

:

( i) B

0

= B and F

0

= Æ

(ii) B

i+1

= { j Î J n | $ d Î D $ i Î B

i such that i + d = j }

and

F

i+1

= F

i

È {( i , j ) | j Î J n and $ d Î D $ i Î B i such that i + d = j } n

Definition 3.3: Let us define the following sequence of sets

:

GB i

= { j Î B i

| i is the greatest possible natural}, i ³ 0.

Definition 3.4: T he binarydependence relation D*

Í ( J n ) 2 is

the reflexive transitive closure of the binaryrelation F

r

:

D*= È

0 r-1 D

i

, where

D

0

( j

1

, j

2

)

¹ j } n

T he following definition introduces the sets of immediate

ancestors and descendants of j Î J n , with respect to the

partial ordering:

Definition 3.7: For every j Î J n , the sets IN ( j ) and OUT ( j )

are defined as follows:

IN ( j )={ i Î J n : i +d= j , " d Î D}

OUT ( j )={ i Î J n : j +d= i , " d Î D} n

Corollary 3.1: For every j Î B it holds: j Î B Û IN( j )= Æ

For every j Î T it holds: j Î T Û OUT ( j )= Æ n

Proof: Easilyderived bydefinition 3.7 and 3.1

IV. L

OWER AND U PPER B OUNDS FOR T IME AND

P ROCESSORS

In this section, we present upper and lower bounds

concerning total time execution and processor utilisation,

for the class of uniformdependence algorithms which were

published in [9]. T he properties of the index space,

discussed previously, enable the definition of optimal

execution time and optimal number of processors.

In [9] we have defined T(A) as the total time in which A is

executed, whereas OT(A)= min T(A), thus OT(A) as the least

possible time in which A can be correctlyexecuted. In

addition to this, TP(A) was denoted as the total number of

processors required byA, so as to be executed in OT(A) .

In [9] we proved: max{ MA

max

,

| |

| |

max

J

C n

é

ê ê

ù

ú ú } £ TP(A) £ A

max

,

where MA

max

=max{ MA

i

: MA

i

={ j

k

| j

k

Î A

i

Ù j

k

Î C with

| C |=| C

max

|} and A

max is the maximal antichain of

computations.

T he above formula gives the lower and upper bounds for

OTP(A). We should remark that these bounds are too tight

and for a great number of problems, these bounds collide,

thus producing the optimal OTP(A). In addition to this, in

cases where all index points belong to maximal chains, thus

every j belongs to a C

max

, the exact lowest number of

processors needed to execute algorithmA( J n , D) in OT(A)

is obviouslygiven by MA

max

.

What remains is a straightforward method to define the

properties of J n needed to calculate OT(A) , and present an

analytical time and space schedule which implements the

above metrics. Our algorithm, which finds for each index

point the exact time and processor in which should be

executed, is based on graph theoryapproaches, and

outperforms all other presented methods in terms of total

processor utilisation and total time execution. Before

presenting the enhanced scheduling algorithm, some time

scheduling properties are given.

V. O

PTIMAL F REE S CHEDULING WITH R EDUCED

C OMMUNICATION C OSTS

In this section we will present the properties of the free

schedule of computations onto a clique of infinite number

of processors. We will establish the properties of both free

time and space scheduling. Furthermore a metric to

calculate the total communication requirements of a

specific free schedule is given. A free schedule contains

time and space assignment of computations and is defined

belowas a couple of functions:

Definition 5.1: Given a task graph G(V, E) a schedule S is

an ordered couple (S

TIME

, S

PROC

), where S

TIME and S

PROC are

the time and processor schedules, respectively, defined as

follows:

(1) S

PROC

: V

CCF

{S(S

TIME

, S

PROC

comm |

In this paper, our objectives are:

(1)

T o find an optimal time schedule S

TIME OPT

, i.e., a schedule whose makespan is minimum .

(2)

T o reduce the CCF{S(S

TIME

, S

PROC

)} froman arbitrary initial schedule

(3)

T o find a space schedule S

PROC

that realizes S

TIME OPT while having low| E comm

|.

A. Free time scheduling:

Our goal is to find the sets GB i

. If, for any j Î J n , we know the i: j Î GB i

then we can schedule computation j to be executed in i instance.

In [9], theorem6.1, we have proved that function f: f( j ) = i iff j Î GB i

performs the valid optimal free time scheduling of computations indexed by j Î J n . Clearlyf( j )=0 for every j Î B. T herefore for an arbitrary j Î GB i

, i is the length of the longest chain j

0

<

D

.....<

D

j from j o

Î B to j . Referring to graph G(V, E) the equivalent propertyof such a length, is the longest path from j o

to j.

Definition 5.2: We define the following properties for a j Î V:

long ( i , j ): is the longest path from i Î V to j Î V.

early ( i ): the earliest time at which a computation i can start late ( i ): the latest time at which a task i can start without increasing the earliest possible completion time of the overall systemtasks. n

Bythe above definitions: early ( j i

)= long ( j

0

, j i

), late ( j i

) = long ( j

0

, j n

) - long ( j i

, j n

), where j n

Î T .

In [9] we have presented that: S f

( j ) = i iff j Î GB i

early ( j i

) = long ( j

0

, j k

) where j o

Î B.

In other words, an equivalent definition for GB i

considering the notion of early () is:

GB

i

j

Î

J

n

early

( j

) =

i }

Since an optimal schedule requires the search for all

GB

i

´s,

such search is performed through the longest path long (

j

1

, j i

). A polynomial longest path algorithmbased on topological ordering of a DAG is given in Appendix. Its total complexityis O (|V|+ |E|) (see also [6] problem

ND29). It suffices to visit everynode and edge once to determine the ^long~ and ^early~ properties.

It is obvious, that section III refers to the decomposition of

J n into | C max

| antichains at least. T here exist manyways in which a poset ( J n ,<

D

) can be decomposed into | C max

| antichains, where | C max

| is the largest chain length.

According to the above definitions and notes, a valid decomposition into | C max

| antichains, is to find GB i

´s through longest paths, and then consider A i

= GB i

. T he methodologypresented here, performs such antichain decomposition. T his decomposition performs onlythe optimal time scheduling. In case of space mapping, a simple, near optimal mapping method leads in assigning everydistinct element of any antichain A i

= GB i

into a different processor. T his means that | A max

|processors are needed according to this antichain partitioning. Dilworth´s dual theorem, establishes the abilityto partition the V into no less than | C max

| antichains. T here exist manyways to partition in | C max

| antichains, and the optimal one leads in antichains which all have approximatelythe same number of elements. T he proposed ^shuffling~ algorithm, refines such a partitioning, to create well balanced antichains. It alters the contents of GB i

´s to produce new, valid antichains which have the same or approximatelythe same elements.

Subsection 5.C analyses this technique.

B. Reducing the Communication Delays:

Our objective, in this paper, is the assignment of chains of computations to the same processor so as to reduce the overall communication overhead imposed bythe distributed memorytarget architecture. T his means that we assign closelyrelated computations which belong to different time partitions, to be executed into the same processor. Since the total number of communication links, which is the number of edges in the DAG modelling of the index space, is fixed, we tryto reduce the overall communication overhead by increasing the intraprocessor communication requirements.

In other words, we tryto encapsulate into the same processor, computations which are closelyrelated bya dependence vector. Given a node j , the proposed heuristic decides the processor S

PROC

( j ), bychecking where the

S

PROC

( i ) for every i Î IN( j ). T his means that j will be assigned to the same processor as one or more of its ancestors. T his filtering is being iterativelydone for every time step (see Fig. 2).

for every time instant t

³ 1 for every processor p find a computation

j from

TIME(t) such that:

Task(p, t-1) belongs to IN( j )

if (S

PROC

( j ) > p) swap (Task(p, t-1), j )

end

F ig. 2: Reducing Communication algorithm

Lemma 5.1 : For every j : early( j )= i

³ 1, it holds IN( j )

¹

Æ

Proof

Suppose that there exists a j : early( j )= i ³ 1, and IN( j )= Æ .

Since IN( j )= Æ , bycorollary3.1 we have j Î B, thus early( j )=0, which is impossible.

Lemma 5.1 shows that there always exist a computation j in the inner loop of the above algorithm. So after O(|V|) steps, in the worst case, the algorithmterminates. Since in every step it interchanges tasks of the same T IME(t), it does not increase total execution time. And finallyin everyiteration step it mayreduce the total amount of interprocessor links

E comm

, byassigning in the same processor p, nodes i, j with i Î IN( j ). End of Proof

C. The refinement Technique:

Applying the Longest Path Algorithm(LPA) in O(|V|+|E|) we can trace the length of the longest chain in V. In addition to this, LPA determines for everyindex point the earliest time instance at which it can be executed. T he obtained free time schedule is optimal in terms of time, but not always optimal in terms of processor utilisation. In other words TP(A) is not always OTP(A).

T he objective of the proposed refinement technique, is to improve the free schedule, byshuffling computations into time, fromone antichain to another, so that while OT(A) is preserved, antichains have all equal or near equal size. Such scheduling is outlined in the PERT task graph execution problem. In our approach, for everyindexed point i we compute two properties: early ( i ) and late ( i ). Since by section IV, a lower bound of TP(A) is known, we tryto form antichains which have less or equal to this bound length. T he keyidea is the following:

Consider a node i for which early ( i )=k and late ( i )>k.

Obviously, since early ( i )=k ,then i Î A k

. If | A k

|> OTP(A) then i is a candidate node for shuffling. When checking an anti chain A k

, to reduce its size to OTP(A) (equivalentlyto

MA max

) we scan all i Î A k

to see which of themhave late ( i )> early ( i ). Definitelyall i : late ( i )= early ( i ) belong to

MA k

and thus are non movable. Fromall the other nodes, we shuffle those which have the largest difference between late ( i ) and k, till the total number of elements in A k

is

OTP(A). For all the other shuffled points v sh

, we augment early ( v sh

)+=1. For everypoint which belongs to OUT () and check for the next A k+1

, where all previouslyshuffled points nowbelong. Hence, the algorithmshown in fig. 3 is proposed:

for every time instant t ³ 0 proc=num_of_processors;

A: while ( proc

¹ 0)

choose k

Î GB t : late( k )-early( k ) = min{late( j )-early( j) : j Î GB t

S TIME

(k) = t; S

PROC

(k)= proc;

proc--;

GB t = GB t -{ k };

B: for every i Î GB t then early( i )=t+1;

for every j Î DESCENDANT( i ):

early( j )+=1

GB early ( j )

= GB early ( j )

-{ j }

GB early ( j )+1

= GB early ( j )+1

È { j }

F ig. 3: T he shuffling algorithm

T he above presented SHUFFLING algorithmterminates,

since the last checked antichain is A

|C max|

. Its correctness is

easilyderived bythe fact that it shuffles computations into

subsequent A

i

´s, thus preserving time execution validity. In

addition to this, it does not increase the minimum makespan

as lemma 5.2 proves. T he above method was implemented

and the results are presented in the following examples.

Clearly, there is an impressive improvement in processor

utilisation, provided that the algorithmpermits it.

Lemma 5.2: T he SHUFFLING algorithmpreserves the

minimum makespan.

Proof (sketch):

T he minimum makespan is max {S

TIME

( j ), j Î T }. Let this

makespan be t

opt

. Since j Î T , late( j )=long( j

0

,

j

n

)=early( j )= t

opt

. T hus, late( j )-early( j )=0, so the while loop

schedules j at time t

opt

. Remember that procs ³ |T |by

Section 4. T his means that no j Î GB

topt

=T , will be executed

byloop B above.

Consider an execution step where there exists a j : late( j )-

early( j ) ³ 1, and we execute the step B, thus increasing

early(j). We will showthat for any i Î DESCENDANT ( j )

early( i ) cannot be bigger than t

opt .

Consider a j

1

:

j

1

Î DESCENDANT ( j ) with early( j

1

)= t

opt

(before increasing

it byearly( j

1

)+=1). Since j Î ANCEST OR( j

1

)

é

ê ê

ù

ú ú }, according to section 5A

Step 5: Applythe communication reduction algorithm to

create fullyconnected chains which are assigned to

processors.

Step 6: A pplythe ^shuffling~ algorithm(Appendix C)

and create equallybalanced antichains.

As far as time complexityis concerned, it is clear that steps

1-2 i.e forming the DAG and ordering its nodes

topologicallyhave O(|V|+|E|) complexityeach. In addition

to this, finding longest paths fromsource and sink nodes

costs again O(|V|+|E|). Finally, the shuffling algorithmis in

the worst case O(|V| 2 ) as it can be easilyderived from

Appendix C (total time in anyUET DAG without

communication is clearlyO(|V|)).

Example 5.1:

Consider the following algorithm A(J 2 ,D)

For j 0 = 0 to 4 do

For j 1 = 0 to 4 do

a(j 0 , j 1 ) = a(j 0 , j 1 -2) + a(j 0 -2, j 1 +1) +

a(j 0 -2, j 1 -2)

end

end

F ig. 4: T he algorithmof example 5.1

ClearlyJ 2 ={(j

0

,j

1

) |0

£ j o

,j

1

£ 4}, D = {(0,2), (2, -1), (2,2)}

24 9

18 2

22 6

19 8

23 7

21

17

20

16

1

2

13 3

0

4

1

5

10

33

11

14

15 4

3

2

1

0 1 2 3 4

Fig. 5 a

: Index space J 2 Fig. 5 b

: Order of nodes

( topol. order, Appendix A)

T able 1: Properties of V (Example 5.1) order

( j i

)

long

( j

0

,j i

)

long

( j i

,j n

)

early

( j i

)

late

( j i

)

GB

13 0 3 0 2 0

10 0 4 0 1 0

14 1 4 1 1 1

11 1 3 1 2 1

15 2 3 2 2 2

3 0 3 0 2 0

0 0 3 0 2 0

4 1 2 1 3 1

1 1 2 1 3 1

5 2 1 2 4 2

12 1 3 1 2 1

16 2 3 2 2 2

20 2 2 2 3 2

17 3 2 3 3 3

21 3 1 3 4 3

2 1 2 1 3 2

6 2 1 2 4 3

8 2 1 2 4 3

7 3 0 3 5 4

9 3 0 3 5 4

18 3 2 3 3 3

22 3 1 3 4 4

19 4 1 4 4 4

23 4 0 4 5 4

24 5 0 5 5 5

GB

2

GB

3

GB

5

GB

4 24 9

18

2

22 6

19 8

23 7

21

17

20

16

12

14

3

0

4

1

5

13

10

11

3 2

15 3 5 2

4 3 3 1 1

4 2 1 2 1

3 0 2 2 0

0 3 1 1 0

GB

3

GB

0

GB

1

GB

2

GB

1

Fig. 6: GB i

´s in A(J 2 ,D)

In the following, the nodes are depicted bytheir property order(v), as found bytopological ordering of V.

Clearlyone of the longest chains is {13,14,15,17,19,24} with length 6. T hus at least 6 antichains are formed, for example:

A

0

=GB

0

={13,10,3,0}

® 0 A

1

=GB

1

={14,11,4,1,12,2} ® 1

A

2

=GB

2

={15,5,16,20,6,8} ® 2

A

3

=GB

3

={17,21,7,9,18,22} ® 3 A

4

=GB

4

={19,23} ® 4

A

5

=GB

6

={24} ® 5

Checking for everyelement v

j of A

i if early( v

j

)=late( v

j

) Þ

v

j belongs to chain with max length, the following subsets

MA

i are produced (see table 1, Appendix D):

MA

0

= Æ , MA

1

={14}, MA

2

={15,16}, MA

3

={17,18},

MA

4

={19}, MA

5

={24} Þ |MA

max

|=2.

Clearly, the free schedule produced bythe A

i

´s needs 6

processors and executes the algorithmin optimal time

(T able 3). Checking the processor utilisation in table we see

that the free schedule has not the best results.

According to lower bounds of TP(A): max{ MA

max

,

| |

| |

max

J

C n

é

ê ê

ù

ú ú }=max{2,5}=5 and T P(A) £ | A

max

|= 6.

T herefore 5 processors are adequate to execute A in

optimal time. Communication costs are cut down by

applying the filter of Section 5.B. as shown in table 4.

Applying the ^shuffling~ algorithmof Section 5C to V, the

schedule shown in table 5, optimal in terms of time and

much more efficient in number of processors, is produced.

T able 2: Optimal linear schedule

t

0 t

1 t

2 t

3 t

4 t

5

P

1

13 14 15 17 9 24

P

2

10 11 1 21 19

P

3

3 0 5 8 23

P

4

4 16 7

P

5

12 20 18

P

6

2 22

P

7

6

T able 3: free schedule

t

0 t

1 t

2 t

3 t

4 t

5

P

1

13 14 15 17 19 24

P

2

10 11 5 21 23

P

3

3 4 16 7

P

4

0 1 20 9

P

5

12 6 18

P

6

2 8 22

T able 4: Communication schedule

t

0 t

1 t

2 t

3 t

4 t

5

P

1

13 14 15 17 19 24

P

2

10 11 20 21 23

P

3

3 4 5 7

P

4

0 1 8 9

P

5

12 5 18

P

6

2 16 22

T able 5: Optimal ^refined~ schedule

t

0 t

1 t

2 t

3 t

4 t

5

P

1

13 14 15 17 19 24

P

2

10 11 20 21 22 23

P

3

3 4 5 6 7

P

4

0 1 16 18 9

P

5

12 2 8

Byapplying all equivalent methods presented in [1], [2],

[4] or [5], the best, in terms of total execution time, linear

schedule is given by

Ð = [3 2]. T his linear schedule achieves the same total execution time. T he main disadvantage of this linear schedule, is the poor processor utilisation that implies. T he linear schedule, needs too many processors in order to be completed in the less possible time. T able 2 shows the linear scheduling achieved by

Ð.

Clearlywe need at least 7 processors to execute this time

schedule, whereas the free one requires 5 processors. T able

4 compares the processor utilisation for the three schedules.

Finallytable 7 shows a considerable decrease (36%) over

the total communication requirements of the optimal linear

and free schedule.

T able 6: Comparison of utilisation for the three schedules

time instance % util. for

optimal

linear

schedule

% util. for

free

schedule

% util. for

optimal

~refined~

schedule

0 3/7 4/6 4/5

1 5/7 6/6 5/5

2 7/7 6/6 5/5

3 6/7 6/6 5/5

4 3/7 2/6 4/5

5 1/7 1/6 2/5

average

utilisation

59.52% 69.44% 83.33%

T able 7: Comparison of communication for the three

schedules

optimal

linear

schedule free

schedule optimal

~refined~

schedule

CCF 31 28 19

VI. C

ONCLUSION

In this paper a newoptimal in terms of time and efficient in

terms of communication overhead and processor utilisation,

technique was presented to schedule multidimensional

nested loops with loop-carried dependencies. It is obvious

that such a method is general enough, and without any

extensions, it can be applied to non-uniformnested loops as

well. T he proposed algorithmwas implemented and

exhaustivelytested, and the outperforming results were

reported. Future work includes the introduction of methods

to avoid maximal path´s complexityfor the general class of

uniformdependence loops, byexploiting the regularityof

the index space. In [2] we have presented a method for unit

uniformdependence loops which achieves lowcomplexity.

In addition to this, we will elaborate on the extension of the

above methodology, in order to schedule in a different way

everydistinct assignment statement, instead of the more

general loop instances as in affine bystatement scheduling.

A PPENDIX

The ^Shuffling~ algorithm

Î

OUT(v i ):

early( v j )+=1

} end end

The comm. filter algorithm

for j = 1 to max_time

begin

for i = 1 to max_proc

begin

find v

x

" v Î V label(v)=order(v) from topological ordering

Long_Path(v)=-

¥ for all v Î V;

Long_Path(s)=0 for all s Î B

Ç V;

for i=1 to |V| begin let v Î V such that order(v)= i;

for every u Î Adj(v) do if ( Long_Path(u)< Long_Path(v)+ c uv ) then

Long_Path(u)= Long_Path(v)+ c uv ;

end;

In our case c uv =1.

Topological Ordering Algorithmin O(|V|+|E|)

V set of nodes of G(V,E);

E set of edges of G(V,E);

begin for every v Î V do indegree(v)=0;

for every ( v,u) Î E do indegree(u)= indegree(u)+1;

/* we have already found " v Î V indegree(v) */

/* We will found order(v)(topological sorting) */

LIST = Æ ;

next = 0;

for every v Î V do if ( indegree(v)=0 ) then

LIST = LIST

È {v};

while ( LIST

¹ Æ ) begin select a node v Î LIST;

LIST=LIST-{v};

next+=1;

order(v)=next;

for every u Î Adj(v) do begin indegree(u)= indegree(u)-1;

if ( indegree(u)=0) then

LIST = LIST È {u};

end end;

if (next < |V|) then G has a cycle thus ERROR else label(v)=order(v) " v Î V

R

EFERENCES

1. T . Andronikos, N. Koziris, Z. T siatsoulis, G.

Papakonstantinou and P. T sanakas, ^Lower T ime and

Processor Bounds for Efficient Mapping of Uniform

Dependence Algorithms into Systolic Arrays,~

Journal of Parallel Algorithms and Applications, vol.

10, no. 3-4, 1997

2. T . Andronikos, N. Koziris, G. Papakonstantinou and

P. T sanakas, ^Optimal Scheduling for UET -UCT

Generalized n-Dimensional Grid T ask Graphs,~

Proceedings of the 11 th IEEE/ACM International

Parallel Processing Symposium (IPPS97), pp 146-

151, Geneva, Switzerland.

3. P. Chretienne ^T ask Scheduling with Interprocessor

Communication Delays,~ Eur. J. Oper. Res. , vol. 57,

pp 348-354, 1992.

4. A. Darte, Y. Robert, ^Mapping UniformLoop Nests

onto Distributed MemoryArchitectures,~ Parallel

Computing, vol. 20, pp 679-710, 1994 .

5. A. Darte and Y. Robert, ^Constructive Methods for

Scheduling UniformLoop Nests,~ IEEE Trans.

Parallel Distrib. Syst ., vol. 5, no. 8, pp. 814-822,

Aug. 1994.

6. M. R. Gareyand D. S Johnson, ^Computers and

Intractability, a Guide to the T heoryof NP-

completeness,~ W. H. Freeman and Company: New

York, 1979.

7. E. H. Hollander, ^Partitioning and Labeling Loops by

Unimodular T ransformations,~ IEEE Trans. on

Parallel and Distributed Systems , vol. 3, no. 4, pp.

465-476, Jul. 1992.

8. H. Jung , L. Kirousis and P. Spirakis ^Lower Bounds

and Efficient Algorithms for Multiprocessor

Scheduling of DAGS with Communication Delays,~

Proceedings of 1 st ACM SPAA 1989, pp. 254-264.

9. N. Koziris, G. Papakonstantinou and P. T sanakas

^Optimal T ime and Efficient Space Free Scheduling

For Nested Loops,~ The Computer Journal , vol. 39,

no. 5, pp 439-448, 1996.

10. N. Koziris, G. Papakonstantinou, and P. T sanakas,

^Mapping Nested Loops onto Distributed Memory

Multiprocessors,~ in Proceedings of the 1997 IEEE

International Conference on Parallel and Distributed

Systems, IEEE Press, Korea, Dec.1997.

11. L. Lamport, ^T he parallel execution of DO loops,~

Commun. ACM , vol.17, no.2, pp. 83-93, Feb. 1974.

12. D.I. Moldovan and J.A.B. Fortes, ^Partitioning and

Mapping Algorithms into Fixed Size Systolic

Arrays,~ IEEE Trans. Comput ., vol C-35, no 1, pp. 1-

11, Jan. 1986.

13. C. Papadimitriou and M. Yannakakis, ~T oward an

Architecture-Independent Analysis of Parallel

Algorithms,~ SIAM J. Comput., vol. 19, pp. 322-328,

1990, Extended Abstract in Proceedings STOC 1988 .

14. W. Shang and J.A.B. Fortes, ^Independent

Partitioning of Algorithms with Uniform

Dependencies,~ IEEE Trans. Comput ., vol. 41, no. 2,

pp. 190-206, Feb. 1992.

15. W. Shang and J.A.B. Fortes, ^T ime Optimal Linear

Schedules for Algorithms with Uniform

Dependencies,~ IEEE Trans. Comput ., vol. 40, no. 6,

pp. 723-742, June 1991.

16. W. Shang, E. Hodzic and Z. Chen, ^On

Uniformization of Affine Dependence Algorithms,~

IEEE Trans. on Parallel Distributed Systems , vol.

45, no. 7, pp. 827-840, July1996.

17. J.-P. Sheu and T .-H. T ai, ^Partitioning and Mapping

Nested Loops on Multiprocessor Systems,~ IEEE

Trans. on Parallel Distributed Systems , vol. 2, no. 4,

pp. 430-439, Oct. 1991.

18. T . T zen and L. Ni, ^Dependence Uniformization: A

Loop Parallelization T echnique,~ IEEE Trans. On

Parallel Distributed Systems , vol. 4, no. 5, pp. 547-

558, May1993.